UNIT-3

BEHAVIOUR OF MONOTONIC SEQUENCES:

The following theorem gives the complete behaviour of monotonic sequences

Theorem 3.21°

I. A monotonic increasing sequence which is bounded above converges
to its fub

il. A monotonic increasing sequence which is not bounded above
diverges to =
. A monotonic decreasing sequence which is bounded below

converges to its gib
iv. A monotonic decreasing sequence which is not bounded below
diverges (o=

Proof:
I, Let(a.) be a monotonic increasing sequence which is bounded above

Let k be the (ubof the sequence

ﬂ]ﬂﬂﬂnih:l'nr.ﬂln M—

Now, lete >0 be given.
« ket<k and hence k-£ is not an upper bound of (ay),
Hence, there exists aq such that a, >k-£

Now, since (a.) is monotonic increasingaszas for all nzm.

Hence an »K-£ for all N2 M. s (2)

SKeE<auskforallnzm  (by (1)and (2))

SJank|<€for all nzm.
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S an) k.
(1i) Let (as) be a monotonic increasing sequences which is not bounded above.
Let k>0 be any real number.,

Since (as) is not bounded, there exists mEN such that a,>k. Also
dnz A for all nzm.

ek Tor all nz2m.

(1) Let a, be a monotonic decreasing sequence which is bounded below.

Let L be the 4ib of the [8a). s (1)

Than a. zk be given [+£>1

Hence I+€ is not an lower bound of (a,).

Hence there exists a. such that ag<l+ €. (2)

Now, Since (as) is monotonic decreasing aw>a, for all nzm.
an<ler

Isa,<le [byi2)and( 1))

|ae-t] <€ for all nz2m.
(aa)—1

(iv) Let (a.) be a monotonic decreasing sequence which is not bounded
below.

Let k<0 be any real number,

since (a.) is not bounded below.
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There exists meN such am<k.._ (1)

Also dnSAm (by (11ewt (1)

1£)

An<k for all nz2m

(@0)~-c0

- The above theorem shows that a monotonic sequence either converges
or diverges. Thus a monotonic sequence cannot be an oscillating sequence.

SOLVED PROBLEMS

PROBLEM: 1

1
Let a,= I*-l; i Jl_ + =:~. " ;!; | PPIRTERTRTEY *;[r. Show that lim a., exists and
- : { M =i
lies between 2 and 3.

Solution: Clearly (as) is a monotonic increasing sequence.
AlSO ag=14= 4 =4 = 4 = 4o, —
1! 4! 3! L n'
1 1 1
51+h3 - ~ P i -
| 1
WEVEY
1 11_;’1 :
‘l+(1 ! z—l) Eﬂlﬂ-(l-r-
2n 2 1=r
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y i s _ 2
—1+2(1 -z—") =1+2 2—"
=3 —F:-:T-:E =3n<3

Jo[aa) Is bounded above.

< lim a eXISts.

fi =+

Also 2<as<3 for all n.

2% lim .53

i —+an

Hence the result

- The limit of the above sequence is denoted by e,
PROBLAM: 2

Show that the sequence (l + i)" converges.

QULUTION:

nin-1) 1 nin=ijn-=2) 1 1

o1 ;+_IH-_F+ ......... *'n—-

an=1+1+
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| an .=1+1+;;(1-ML1)+31(1-;—1) (1-
"i+) v ““+.:n:n N r-:i_f)"' ( -n_:)

. sdnel > dn
“(ay) Is monotonic increasing,

JJ[aa) is a convergent sequence,
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, 1 1
1. show that lim,,_,.(1 + % )= lim,, Lo (1 + A )=e
solution
1

L —
let a, =(1 +;) and b,=1+ =t

then a, < b, for all n

o liMpyos @n S liMpe by e (D)
Now
Letm >n
1
dm =(1+;)m
- . Iyatys Sap & XTI
mlelwa (1 ‘"-{)'*'3!(1 m) (1 m) bt =(1-=
n-1 1 1 _'.I".I’I—l
(1== Muvrti= (1=2)(t ===}
ok = 1-—i}.|_ . B = o] =22 )
- 2!{ m n! { m m

Fixing n and taking lim as m— o we get
. 1 1
M 00ln = 1 +1 +E e b,
Now taking limit as n— oo we get

Iimn_.m ﬂn E Iimﬂ—lm b SRR EERRRERES @

. limpapan= limyeobe=e (b (1) and (2))
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1 1 1
2.let a,= —— 4 = F-0ee + —— show that (a,)
n+n

n+1 n+2
converges
Solution
dns+1 — dp
1 1 1
= m-l- +2n+1)_(n+1 +n+n)
(| | 1

2n+1 ZIn+2 n+1

1 1

e > (0 for alln

* 8ns3 >an Torall n

* (an)is @a monotonic increasing sequence

Also
1
an___; +L+.. ...... il s
n+l n+2 n+n
. 3 1
< — o = frerennnns +—-=1 forall n
n n n

~ (a,) is bounded above

~ (a,) is converges
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3 leta,= 1 +-;-+§+- ------ +;11- show that (a,)

diverges to o
Solution

Clearly (a,) is a monotonic increasing sequence

Now let m= 2"-1

dn = 1+§+“ ...... +En1_1

g RN 1
=14+ G+)+ (3 +z+gtz) o (g o =)

1 : , | |
PIHGHD + Gy +erD +o o)
=1+(n-1);
=3+ 1)

s (ay,) }%(n+ 1)

* (a,) Is not bounded above

Hence (a,)—>
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4.

prove that( n!/n") cONVErges.

Solution:
n!
let, ap = &
(n+1)!
an nt  (n+))"?
Then, Giss M (n+1)!
n 1
an__ M (n+1)".(n+1)
A(n+1) e n! .{'ﬂ+1)
. (1'1+1),.|| > 1
n+1 n

a, > ap4q forall nE€ N

(@a,) isa monotonic decreasing sequence.

Also, a, > 0 for all n € N

(a,) s a bounded below .

If (a,) converges.
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1. Discuss the behavior of the geometric
sequence (r")
SOLUTION :
Case(i):
Letr =10

Then (r*) reduces to the constant sequence
0,0......and hence converges to 0

Case(ii):
let r=1

In this case (r") reduces to the constant sequence
g By o and hence converges to 1

Case (iii):
letD<r<|1

In the case ,(r") is a montonic decreasing sequence
and (r*)> 0 for all n € N.
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(r") is monotonic decreasing and bounded below and
hence () converges.

Let (r*) = |
Sincer*>0foralln, 1> 0. RPN ) iy
We claim that | = 0,

Let £ >0 be given. Since (r*)—l, there exists me N
suchthatl<r<l+eforalln = m.

FixnomThenl<r*tl | iciinn (2)
Alsortl=rr<r(l+e).  .cornn -(3)
L< r(l4+€) (by 2 and 3).
L<(r/1-1)E.
Since thisistrueeverye > 0, weget 10, ... (4)

L=0 (by1and4).

Case (iv):
Let <1 <r<0.
Then r = (-<1)"|r|* where 0 < |r| < 1.
By case (iii) (|r|") = 0.
Also ( (-1)") is a bounded sequence.
((<1)" |r|") converges to 0 (by problem 4 of 3.6)
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(rv)- 0.
Case (v)
Let r= -1,

In this case (r") reduces to -1,1, -1,...... which
oscillates finitely.

Case(vi):
Letr > 1.
Then0 < 1/r<1andhence (1/r")=0 (case(iii))
(r")= e (by theorem 3.5)
Case(vii):
Let r<-1.

Then the terms of the sequence (r) are
alternatively positive and negative . Also [r] > 1 and hence

by case (vi) (|r|") is unbounded.

(rm) oscillates infinitely.

Thus,

(i) If r=1, then (r) —1
(ii) If r=0 , then (r")—0
(iii) If 0<r<1 , then (r")=0
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(iv) If -1<r<0, then (r")—0

(v) If r=-1, then oscilating finitely
(vi) If r>1 then (r)—ow

(vii) If r<-1 then (r") oscilating infinitely

Show that if |r] <1 then (n r") 0.
SOLUTION:

The result is trivial if r=0
Let 0< |r|< 1.
Then |r|=1/14p , p>0.
r* = 1/(14p)"
= 1/14np+ [n(n-1)/1.2 | p°+....cc.
< Z2/n(n-1)p‘
Inre| <2/(n-1)p?
Now,let e > 0 be given,
Then 2/(n-1)p? <eprovided n>1 + 2/p’ ¢
Inr*|<eif n>1+4+2/ple.

"mrl--n nre=(
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3. Show thatlim, . log wn® =0 if p>0.
SOLUTION :
We have e > 1 (since e> 1)
“1/er < 1,
“n/(er)n] =0 (by problem 8)

5 Gilven g > 0, there exists a natural number
m such that n/(e’)" < g/er forallnzm, SOSTENs (5 |

Now, let g be the positive integer such that
g<logn<(g+l) el
slogn/ e < g4+1/nr,

<g+l/(ed)r (since et <nby(2))
= ev (g+1)/ers)

< efle/er| provided g+1 2m (using 1)
~logn/nr < g provided g+1 2 m.
Now, if nze" , then log n2 m,
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But g+1 >logn (by(2))
sNn=2em=sg412>2
~log n/nP < ¢ provided n= em

s liMpse log n/ ne = 0,
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Problem

Let (a,) and (b, ) be two sequence of positive terms such that a, 4y =

2 (@, + by) and by4y = \/(@yby). Prove that (@,) and (b,) convergence to the
same Limat,

Solution

By hypothesis, @,y and b, ;. are respective the AM. and G.M. between
a, and b, .

Also we know that AM. = GM.

OO i B Bili sty

Moreover the AM. and G.M ol two numbers lie between the two numbers.
N BB IrIREN..........i0 00 A0

anda, 2 byyy Z by foralln€N ...................(3)

Sy 2 Qgey 2 byyy 2 b, foralln € N, (by 2 and 3)

S (ay) is a monotonic decreasing sequence and (b ) is a monotonic increasing
sequence,

Further,a, 2 b, 2 b, foralln € N,
and b, < a, <a, foralln € N.

S (ay) is a monotonic decreasing sequence bounded below by by and (b, ) is a
monotonic increasing sequence bounded above by a;.

S (a,) = [ (say) and (b, ) — m (say)
Now, @,y == (a, +b,).

Taking limit as n —Iﬂn.wegﬂl=%{!+m].
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Problem:

Let (a,) be a sequence of positive terms such that a; < a; and a,,; =
%{nﬁt + a, ). Then show that (az,—;) 1s a monotonic increasing sequence and

(az, ) is a decreasing sequence and both converge to the common limit i{ul +
2a; ). Hence deduce that (a, ) converges to the same limit,

Solution:

We have a,, ;> =:1-(n,.+1 +ay)anda; <43 ......eeoeveeenven e (1)
n3=%{n; +a)and a; < a,.

S @y < az <a;

Also a, = =(ay + a;) and @y + a; (by 1 and 2)

S a3 < ay < a;

Sy <ay<ay<a; (by2and3)

Proceeding as above, we get a; < a3 < a5 < ag < a4 < a; and so on.
(azn) = [ (say) and (@z,-1) = m (say).

Now, @z, 42 = ':'[ﬂi.'n+l + az,) (by 1)

Taking limit as n — e, we get [ = =(m + ).

{=m.

Now, let € > 0 be given. Since (a,, ) — [, there exists n € N such that |a,, —
” < Florall n > n;.
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Similarly there exists n, € N such that |a,,_; —!| <&foralln 2 n,. Letm =

max {H],HE}.
Then |a, — | < € foralln > m.
S (@) = L.

1
Now, @y 4z = E(ﬂiﬂ +a,)

1
Ay41 = 5(ay + Ap-1) -

a, = =(ay + a;)
1
a =s(a; +ay)

. ! 1
Adding, we get a, 42 + T0ns1 = E(EI + 2a;)
Taking limit as n — %, we gel

l+';'l =%{ﬂ1 + 2a;) (iLe) | = %(ﬂl + 2a;)

Scanned by TapScanner



ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ“Hﬂﬁﬁﬂﬂﬁﬁﬂﬁﬂﬂﬁﬁﬁﬁﬂﬂﬂﬂﬂ!ﬂﬁﬁhﬁﬁﬁﬂﬁﬁﬂﬂg

Problem 12 :

Prove that the sequencea (an) defined by a1=/t and

l.-rl."hlk

Solution:

First to prove a.<a..: for all neN

We prove this problem by induction on n

ar=vk + a y=vk + k>Vk=a,
d;>a
a<a;
Assume the result is true for n=m
Bx<Bm. lOr some meN.

To Prove:

The result is true for n=m+1

iﬂ} &'ﬁil‘ﬂM-!:

F—-'

NOW, 8me2mvVk + amet >VE + Gmm@me
. Eﬂ'rl'l'";aﬂ-u-d-l
“ (@) 1S @ monotonic increasing sequence

To Prove:

(@) IS bounded above

NOW., a..i1>a

+a ;where K>0 converges to root of x*-x-k=0.
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vk +a > a
(Vk +a »)f > a2’
B0 -80-k<0
~ lies between the root of x“-x-k=0
~ {a-) is bouned above
Behaviour the monotonic sequence a. )+ (say)
Clearly 0<l< =
Now an.=vk + a.

Taking imit as n— = we getl,

I=vk + {

S =lk=0
1 is the positive root of x*-x-k=0

[
..II-:

SOMETHOREMS OF LIMITYTS
Theorem 3,22

Cauchy's first limit theorem i (a,)~ | Then
(atayt........4a/n) — .

Proof :

Case (i) :

Let i=0

o
£
o
£
£
o
£
:
:
£
:
o
£
o
;
:
£
:
£
:
[
()
o
o
£
o
-
&
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‘ﬂ

(+
g Let b.=a+a;+. *a./n
[+

Let £>0 be given since (a.)- 0 there exists meN such that |a.|<£/2 for all
iem ......[1)

Let n2m
Do| = |@i+@st@nt. ... *8 8.t +a./n|
SlasHlagd+ ... +|am|+|ama|+. ... +lad/n
=K/N4@me 1 #Bmazt ... *80 /N0

Where k=|a|+|az|+... +|a.

<k/n+e|/2 [n-min<i] (2)

Now since (kin)-+0 there exists n.e N such that K'nee/2 lor all N> n.
(3)

Let ny=max({m,n,)

(be) ~0
Casel(il)
1#0
Since (a.) -l (@n-1)—0
((@-l)e(ay-l)+ +(@-1)/n)-0 (by case (i))
(@i+@zs......+&-NN) -0
(ar+@2+.......%8Jn) -0
M@ 4@zt ... AN =l
Hence the prool

E
o
E
(4 ]
5
[+ ]
o
[+
(4]
g
E Then |b.l<r for all n>n. (by&3)
[+
E
[+ ]
[+ ]
E
s
(+ ]
(+ ]
o
[+
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anaan

Q

Thoerem 3.23 : ( Cesaro’s Thoerom)

Proof :
Let Co= I:E1hl'l+3:hn (8 essessnasBaDAN)

Put a.=a+f. sothat (r,)— 0

Then Ca= ((a+r1)bet( @+12) bo 14...c.ccco.c#( @+1n) Di/N)

=a(bi+ Dat.....oconeec#Dn)/N40 Dot T DA/N

Now By Cauchy first limit thorem
(bi+ bz+............+bn)/N— D
Efbt+ h1+ ............ +|:l1-,:|.||'|"|—" ab

Now since (b.)— b , (bs) is a bounded sequence.

-There exists a real number k>0 such that |b,| <k for all n.

| £1 Datocsecee® Tn DA/ S| r4r24 . 410N
Since (r)—= 0, (Mat.ceaans + fni/n) = 0.
(r1 Ded...ccces + mbin) =0

Hence the proof,

ooooO0000p00o0o000000000000000000

If (a.)— a and (b,)— b then (a,bn+a;b, *.cccceusncta b /) ab.

Q
Q
&
g
G
o
Q
&
i
Q
<
<
T2
&
Q
S
o
5
S
Q
Q

g
£
:
:
o
o
o
g
E
&
E
o
£
:
5
E
o
o
[+
o
o
o
o
o
E
E
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Cauchy’s & Second limit theorem
Theorem 3.24:

Let (a,) be a sequence of positive
terms. Then lim a,'"=lim, .. a,,,/a, Provided
the limit on the right hand side exist,
whether finite (or) infinite.

Proof:
Case(i):

lim, ... a,../a,=l, finite
Let €> 0 be any given real number.

Then there exist m € N. Suchthatl-1/2 € <
an+1/an < 1+2 € for all n 2 m.

Now, choose n 2m,
|- 12 €E<am+1/am < |+1/2€
|- 1/2 €< am+2/am < |+1/2€

iiiiiiiiiiiiiiiiiiiii
iiiiiiiiiiiiiiii

Multiplying these inequalities we obtain,
(1-1/2€) "™ < a/a,, < (1+1/2€) "™

am (1-1/72€)"/(1-1/2)" < an < am (1+1/2€)"/
(1+/2€)"

k1l (1-1/2€)" < an < k2 (1+1/2€)"
Where k1,k2 are same constants.
Therefore, k1'" (1-1/2€) < an '" < k2 '"
(1+1/2€)
Therefore, now, (k1'" (1-1/2€)) -> |- 1/2€.
[(k1)"™ ->1]
Therefore, there exist n1 € N such that
(1-1/2€) - 1/2€ < k1" (1-1/2€) < (1-1/2€) +

4 MEFY 2 . w 9
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k1 (1-12€)" < an < k2 (1+1/2€)"

Where k1,k2 are same constants.
Therefore, k1" (1-12€) <an " < k2 '™
(1+1/2€)
Therefore, now, (k1'" (1-1/2€)) -> 1- 1/2€.
[(k1)"™ ->1]

Therefore, there exist n1 € N such that
(1-12€) - 12€ < k1'™ (1-1/2€) < (1-1/2€) +
1/2€ + n 2 nl.

l-€<k1'""(1-€/2)<]

There exists n,EN such that,

(1+1/2€) - 12€ < k2'" (1+1/2€) < (1+1/2€) +
172€ + n 2 nl.

Let m=max{nl,n2}

Then 1- €<k1'™ (1-1/2€) <an '" < k2 '"
(1+1/2€)<1+0,n=n0

I-€<an " < 1+€ '™ hence(a,')
Case(ii):

lhnth}ﬂﬂ ﬂ“. l!an:m

Then lim,_...(1/a,.,)/(1/a,)=%
by case (i) (1/a,)-> o

(a,)""->
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Theorem 3.25:

Let (a,) be any sequence and lim,, ...
a, /a,.,|=1 if 1>1 then (a,)->0

Proof:
Let K be any real no, such that |<K<]|

Since lim,,... |a, /a,.,|=], there exists mEN
such that 1-€< |a, /a,.,|<]+€

Choosing €=1-k we obtain|a, /a,.,|>k
Now fix n=2m. then,

|am /8me1|>K; [@me1 /8me2|>K; |01 /800
Multiplying the above inequalities we get,
Ay, /a,/>k™™

a, /a,|<k™ (1/k)"

1, |<K™ |ag|(1/k)"

a, |[<Ar" where A=|a, k™ is a constant and
r=1/k

Now k> 1->0<r < 1.
(a”)->0

The above theorem is true even if =00,
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Theorem 3.26:

Let (a,) be any sequence of the terms
and lim,_... (a, /a,.,)=1. If <1 then (a,)->0

Proof:

Let K be any real no, such that |<K<]|

Since lim,_... |a, /a,.,|=], there exists mEN
such that 1-€<|a, /a,.,|<|+€

Choosing €=I-k we obtain|a, /a,.,|>k
Now fix n2m. then,

8m /ame1[>K; [@mer /@me2l>K; |20 /2054
Multiplying the above inequalities we get,
g /ag>k™™

2, /ag|<k™ (1/k)"

1, |<k™ |ag|(17k)"

la, |[<Ar" where A=|a,|k™ is a constant and
r=1/k

Now k> 1->0<r < 1.
(a")->0
The above theorem is true even if =0,

Scanned by TapScanner



Theorem 3.27:

[f the sequences (a,) and (b,)
converge to 0 and (b,) is strictly monotonic
decrasing then lim, ... (a, /b,)= lim, ... (a,-
a,.,/ b, b,.,) provided the limit on the right
hand side exists whether finite or infinite.

Proof:
Case(i):

Let lim,..(a,- a,.,/ b,- b,,,)=], finite let €>0
be given . then there exists mEN such that ,

L1-€<a,-a,.,/b,~ b, <I+€

Since b,-b,.,>0, we get

(Dy-by.1) (1-€)< a;- a5, <(by-byey) (14+€)
Letn>pz2m

Then (b,-b,.,) (1-€)< a,- a,,,<(b,-b,.,) (1+€)
(bpﬂ'bpq) (I'E){ bpq' bpq{(apq'apq) (l+€)
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(b,,-b,) (1-€) < a,-a, < (b,-b,) (1+€)
Adding the above inequalites we get,
(b,-b,) (1-€) < a,-a, < (b,-b,) (I-€)
Taking limit as n->o0; we get ,

(b,) (1-€) <a, <b, (1+€)  (therefore ( a,),
(b,)->0)

Therefore 1-€< a /b, < |+€
Therefore |a /b -i| < €
Therefore lim,,_...(a, /b,)=I
Case(ii):

lim,... (a,- ../ by= byy)=00

et k > 0 be any real no. then there exists m
€ N such that a- a,,,/ b,- b,., > k for all n 2m.

Therefore a - a,,,> (b,- b,.1) K
let n>p2m

writing the inequalities for n=p,p+1,........,n
and adding we get ,

a,-a,> K(b,-b,)
Taking limit as n->00, we get

Therefore a./b.zk for all pzm
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].i.ﬂ].n_:-:.; (ﬂn' ﬂnﬂf b“- bn+l)=m

Let k > 0 be any real no. then there exists m
€ N such thata,-a,.,/b,-b,., > k for all n >m.

Therefore a-a,.,> (b,-b,.;) k
let n>p2>m

writing the inequalities for n=p,p+1,........,n
and adding we get ,

a,- a, > K (by-b,)

Taking limit as n->o, we get
Therefore a /b, 2k for all pzm
Therefore (a, /b,) converges to o«

Note :

The above theorem is true ever if |=00
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Let a.,=i[(n +1)(n+2)...(n + 1'1:)]i ‘
- [tn+1]l'n:2:---[ﬂ+__“}]un :
=[(1+2)(1+3)..¢ + )] #
Let b, = (1+;1'-)(1+§)‘ ...... (1+) ‘
¥

¥

g

n"

= (2n+ 1) (2n+2)

{-"..l..l]l‘l*l":
Z(In+1) n"

-—.'-"——-l—.l._—__-

n+l (neg)n

24~ ,

=3 —
(ITE )H*I'Ej"

R e 1 e v v v

I o b o 2hE " S B
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Problem 5:
Show that lim,,_.. n!/n"=0

Solution:

Leta,= n!/n"

| ay/ a,.1/= n!/n" (n+1)"""/(n+1)’
=(n+1/n)"
=(1+1/n)"

lim,..| a,/ a,.,| = lim,_..(1+1/n)"
=e (by problem 3 of 3.7)
>1

Therefore (a,)—0(by theorem 3.25)
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Subsequences
Defimtion:

Letia,) be a sequences. Let (n,) be a stnctly increasing sequence of natural numbers. Then
(a,) 1s called a subsequences of (a,)

Note

The terms of a subsequence occur in the same order in which they occur in the onginal
sequence

Examples

1. (&) 15 a subsequences of any sequences(a.). Note that in this example the internal
between any two terms of the subsequence is the same, (1e) nl=2, n2=4, ni=6, nk=2k

2. (ay) 15 a subsequence of any sequence (a,) hence a,=al, a ~ad, a,=a9  here the
interval between two successive terms of the subsequence goes on increasing as k
becomes large Thus the interval between vanous terms of a subsequence need not be

regular

Any sequence(a,) s a subsequence of itsell’
4 Consider the sequence(a.) given by 1,010, Now, (b)), given by 111 152

subsequence of (a.) hence (a.) 15 not converges 1o 1. Thus a subsequence of non-
convergent sequence can be a convergent sequence.

o

Note

A subsequence of a given subsequence (o) of a sequence (a.) 18 again a subsequence of
()

Theorem 3 28
If a sequence (a,) converges to | then every subsequence (ay) of (a,) also converges to |
Proof’
Let € > 0 be given
Since (a,)-~1 there exists mEN such that
la-ll< € for all n> m
Now choose n, > m.
Then k “ke->nne

n-m
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la-ll< € (by (1))
Thus la.-l|< € for all k> k,
Therefore (a, )21

Note |

I a subsequence of a sequence converges then the onginal sequence need not converges
(refer examples 4)

Note 2:

If a sequence(a,) has two subsequence converges to two different limat, then (a,) close not
converge for example. Consider the sequence(a,) given by

A=lwmifniseven, I+1/nifnis odd

Here the subsequence(a., )20 and the subsequence (a., )= 1. Hence the given sequence (a,) does
not converge.
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Iso converges to
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3.10 LIMIT POINTS

Definition. Let (a, ) be a sequence of real numbers a is called a

limit point or a cluster point of the sequence (a,,) if given £ > 0, there
exists infinite number of terms of the sequence in (a —¢,a + ¢) . If the
sequence (a, ) is not bounded above then o is a limit point of the
sequence. If (a,) is not bounded below then —w is a limit point of the
sequence.

1. Consider the sequence 1,0, 1.0,.... For this sequence 1 is
a limit

point since given ¢ > 0, the interval (1 = ¢, 1 + £) contains infinitely many
terms aasas . ... .. of this sequence. Similarly 0 is also a limit point of
this sequence.

2. If a sequence (a,) converges to | then | is a point of the

Sequences. For, given ¢ > 0, there exists meN such that a, € (1 =¢,1 +¢)
for all

nz m.

& (I = &,1 + £) contains infinitely many terms of the sequences.

3. The sequences (a,)=1,2,3,.....n....isnot bounded
above and hence w is a limit point.

4. The sequence (a,)=1, -1, 2, -2. . ... QY TR is

Neither bounded above nor bounded below. Hence wm and -« are firmit
points of the sequence.
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Theorem 3.32

Let (a,) be a sequence. A real number a is a limit point of (a,,) iff
there exists a subsequence (a,,;) of (a,) converging to a.

Proof. Suppose there exists a subsequence (a,) of (a,) converging to a.
Let £ > 0 be given . Then there exists k, € N such that | |, e
gy €E(a—¢,a+¢)forallk = kg

~ (@ = &,a + £) contains infinitely many terms of the sequence

(ay).
~ @ Is a limit point of the sequence (a,).
Conversely suppose a is a limit point of (a,,).

Then for each ¢ > 0 the interval (a — £, a + £) contains infinitely
many terms of the sequence. In particular we can find n, € N such that

Uy € (a—1;a+1).

Also we can find n; > n, such that a,, € (a -1, a +3)

Proceeding like this we can find natural numbers

np<n;<ns....such
that a, € (a - ;,a +1)

Clearly (a,) is a subsequence of (a,) and |a,;_,| < %

Foranye > 0,|a,y. .| < Effk}%

(i) = a.
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Theorem 3.33
Every bounded sequence has at least one limit point.

Proof. Let (a,) be a bounded sequence. Then there exists a convergent
subsequence (a,) of (a,) converging to | Hence | is a limit point of (a,,).

Theorem 3.34
A sequence (a, ) converges to | iff (a,) is bounded and
| is the only limit point of the sequence.EEE
Proof. Let(a,)— l. Then (a,) is bounded.
Also | is a limit point of the sequence (a,,).
Now suppose |, is any other limit point of (a,). Then there exists
a subsequence (a,;) of (a,) such that (a,;) = ;.
Now, since (a,) — |, we have (a,) = .
al=1.
Thus | is the only limit point of the sequence.

Conversely, suppose | is the only limit point of (a,). Suppose
(a,) dose not converge to |. Then there exists at least one £ > 0 such that
infinitely many terms of the sequence lie outside (I — ¢,l + £).Hence we
can find a subsequence (a,; ) of (a,) such that a,; E (I — ¢,1 + ) for all k.

Since (a,) is a bounded sequence, (a,; ) is also a bounded
sequence. Hence (a,; ) has also a limit point by theorem 3.33, say [ and
' #1.
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~ (a,) has two limit points [ and [ which is a contradiction.
Hence (a,) — L.

CAUCHY SEQUENCE

Definition. A sequence (a,) is said to be a Cauchy sequence if given
£ > 0, there exists n, € N such that |a, — a,,| < eforalln, mm = n,.

Note. In the above definition the condition |a, — a,,| < e foralln, m = n,

can be written in the following equivalent form, namely, |a,, — a,| < ¢ for
all n = ny and for all positive integers p.

Examples.

1. The sequence G) is a Cauchy sequence.

Proof. Let(a,) = (i) Let £ > 0 be given.

1 1

n ml

N'ﬂw. Inn - ﬂml pu—

~ If we choose n, to be any positive integer greater than we get
a, —a,| < eforaln mz=n,.

- (=) is a Cauchy sequence.
(=) y seq
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Example: 2
The sequence [(-1)"] is not a cauchy sequence

Proof:
Let (an) = { (-1)"}
Y| an-ane| = 2
s If € < 2, we cannot find ng, such that |a,-a,.1| < €
for all n 2 ng

~[(-1)"] is not a cauchy sequence .

Example: 3
(n) is not a cauchy sequence
Proof:
Let (a,) = (n)
“|an-am|21ifn=m
~ If we choose € < 1,we cannot find no such that

|an-am| < € for all n,m 2 ng (n) is not a cauchy

sequence,
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Theorem 3:35

Any convergent sequence is a cauchy sequence .

Proof:

Let (a,)->l. Then given € <0, there exists nge N such
that |a,-| |[< ¥ eforalln2ng

r*-ilan‘ aml= Ian'l+|-alﬂl
<lan-l| + |1-am]
< re+ Yaeforall n,m 2 no.

~(an) is @ cauchy sequence.

Theorem: 3:36

Any cauchy sequence is abounded sequence.

Proof:

Let( an) be a cauchy sequence.
Let € > 0 be given ,then there exists noe N such that
|an-am|<eforallnmz2ng

“|an| < |ano]+ € for all n 2 n,.
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Now, let k = max {|a:|,|3z2|,......]3n0| + £ }
Then |an| <k for all n. Hence (a,) is a bounded

sequence

Theorem:3:37

Let (a,) be a cauchy sequence .If (a,) has a
subsequence (an«) convering to |,then (a,)=> |

Proof:
Let € < 0 be given ,then there exists ng € N such that
lap—am| <% eforallnm2ng >@

Also since (a.)— |,there exists ko € N such that
|ank- | | < % ¢ for all k < ko > @

Choose ni such that ng 2 ng and ng
Then |as- 1]= |an- 3nct ane- ||
< |an- ank| + |ank- 1]
<Ve+Vre=¢€ foralln2ng

Hence (a,) =2 |.
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Theorem:3:38

(cauchy’s general principal of convergence). A

sequence (a,) in Ris convergent iff it is a cauchy
sequence.

Proof:

Let ( an) > |,then given € > 0,there exists noeN such
that |a,-| |[<% eforalln2ng
“lan-am|=|ap- 1 +1-ay]
<lan-1 |+ |I-an]
< e+ Y g forall n,m2 n,.
* (an) is @ cauchy sequence ,that any convergent
Sequence is a cauchy sequence.
Conversely,let (a,) be a cauchy sequence in R.
(an) is a bounded sequence,we know that “Any

Cauchy sequence is a bounded sequence”,

s There exists a subsequence (anx) of (a,) such

that (an) = | ,we know that “Every bounded
sequence has a convergent sequence”.
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